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Abstract

An algebraic analysis is presented for the calculation
of triplet phase invariants from isomorphous replace-
ment and anomalous dispersion data. The analysis
applies when there is one type or one predominant
type of anomalously scattering atoms. The use of the
formulas largely parallels a recent approach that is
based on a General Rule for evaluating triplet phase
invariants. It involves the mixing of terms from
isomorphous replacement with various types of terms
arising in anomalous dispersion or the mixing of
various terms arising in anomalous dispersion alone.
The mixing of terms gives rise to a myriad of formulas
that can generate values anywhere in the range from
—m to m. In the tests performed, it was found that
the algebraic formulas offered an improvement in
accuracy over that obtained from the General Rule.
The accuracy is potentially high but depends ulti-
mately on the reliability of the experimental data.

Introduction

Several analyses based on the mathematical and
physical properties of diffraction data from isomor-
phous replacement and anomalous dispersion experi-
ments have led to a large number of formulas for

0108-7673/85/020182-08%01.50

evaluating triplet phase invariants. The formulas are
generated by several rules (Karle, 1983, 1984b, c),
which have been generalized and extended by the
development of a General Rule (Karle, 1984d). In
the application of the General Rule, it is possible to
combine various sets of isomorphous replacement
data or isomorphous replacement data with
anomalous dispersion data or various sets of
anomalous dispersion data in many different ways.
The variety of combinations increases considerably
when anomalous dispersion data are collected at more
than one wavelength.

A number of tests of the General Rule were per-
formed on exact data computed from the coordinates
for cytochrome ¢550.PtC13~ from Paracoccus
denitrificans (Timkovich & Dickerson, 1976). Values
for a variety of different types of triplet phase
invariants were computed from combinations of
isomorphous replacement and anomalous dispersion
data at 2-5 A resolution by use of the General Rule.
The average magnitude of error for thousands of
invariants ranged from 30 to 45°. These are significant
errors to combine with the experimental error of an
actual application and it would evidently be much
more desirable if the error inherent in the theory
could be reduced.

© 1985 International Union of Crystallography
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It is the objective of this investigation to present
an algebraic analysis of the structure factor equations
appropriate to the isomorphous replacement and
anomalous dispersion techniques, which leads to for-
mulas for evaluating triplet phase invariants that are
more accurate than those associated with the General
Rule (Karle, 1984d). Formulas are obtained that
express the tangents of the triplet phase invariants in
terms of the measured intensity data. In forming the
tangent formulas, quantities that depend upon know-
ledge of the heavy-atom structure are cancelled out,
so that it is not necessary to know this structure. In
addition, one type of formula gives the values of the
structure factor magnitudes for the heavy-atom struc-
ture in terms of the measured intensities.

The algebraic analysis is carried out in general
terms, thus permitting the end result to represent a
large number of formulas composed from almost the
same large variety of terms to which the General Rule
applies. The very large number of formulas that obtain
permit a very large number of triplet phase invariants
to be evaluated.

The algebraic analysis to be presented here is
closely related to an exact algebraic analysis that has
already been published (Karle, 1980). The latter can
take into account any number or types of anomalous
scatterers and can use data from isomorphous
replacement experiments coupled with data from
single- or multiple-wavelength anomalous dispersion
experiments or from anomalous dispersion experi-
ments alone. This exact algebraic theory has been
extended to include the evaluation of triplet phase
invariants (Karle, 1984¢) with the only source of
error, besides the experimental error, the uncertainty
concerning thé deviation from zero of the values for
triplet phase invariants associated with the heavy-
atom structures. Owing to the simplicity that is
ordinarily found for the heavy-atom structures that
derive from heavy-atom substitution in macro-
molecules, it is generally easy to satisfy the condition
that the triplet phase invariants have a value close to
zero for large numbers of invariants.

The question arises concerning the relationship
between the theory to be presented here and the latter
analysis and the roles that both theories might ulti-
mately play. The variables appearing in the present
theory are somewhat different than those employed
in the exact algebraic theory, although they are closely
related. The myriad of formulas that occur in the
present treatment appear to afford additional options
for handling the data to those obtained from the exact
algebraic treatment. When dealing with experimental
data, the additional options may be useful.

Considerations of optimal usage of experimental
information extends beyond the two theories and
should encompass the well-established procedures
for handling isomorphous replacement and
anomalous dispersion data and the newer possi-
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bilities from probability theory (Hauptman, 1982;
Pontenagel, Krabbendam, Peerdeman & Kroon,
1983; Giacovazzo, 1983). It would appear that many
future studies will be required to effect suitable evalu-
ations.

The formulas to be presented here are most accur-
ate when there is a single type of anomalous scatterer
but are still rather accurate when there is one pre-
dominant type of anomalous scatterer. Inspection of
the nature of the real and imaginary corrections to
the atomic scattering factors shows that these circum-
stances can prevail in a broad range of applications.

Theory
The theoretical development begins with the relation
mg’:l,h=mgz,h+m93,ha (1)

where the symbolism associated with the letter &%
represents the eight cases listed in Table 1. For each
individual case, m, it is easily shown from the defini-
tions of the structure factors that the listed quantities
obey (1). The first case, labeled with i, represents
isomorphous replacement, the next three (1-3) rep-
resent single-wavelength anomalous dispersion and
the last four (4-7) represent multiwavelength
anomalous dispersion. Contained within this symbol-
ism is a large number of additional possibilities that
would arise if there were data from several different
isomorphous replacement experiments and from
anomalous dispersion experiments performed at a
number of wavelengths. The case of m=i, for
example, could be extended to i, i, ... if there were
several isomorphous derivatives. Evidently the other
cases are a function of wavelength.

The quantity F,py is the structure factor associated
with the substituted substance, for example, a
macromolecule with heavy-atom substituents, F,p is
the corresponding structure factor for the unsub-
stituted substance and F, 4 is the corresponding struc-
ture factor for the substituents. The quantity F, , is
the structure factor associated with a measured
intensity at wavelength A, and includes the contribu-
tion from anomalous dispersion, F} is the corre-
sponding structure factor when the contribution from
anomalous dispersion is omitted and F ‘;ph is the corre-
sponding structure factor that represents only the

contribution from anomalous dispersion at
wavelength A, The quantities are related by

Fopu = Fop+ Fun (2)
and

FAph=F:+Fiph- (3)

It follows from (2) and (3) that for all the cases in
Table 1 (1) is satisfied. The atomic scattering factor
for the jth atom that scatters anomalously is given by

Sn=Fintfi+if], 4)
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Table 1. Quantities involved in the evaluation of triplet phase invariants

The symbols ,,%, y, =%, and ,, %, are defined by the corresponding entries in columns 2, 3, 4, respectively, form=14,1,2,...,7.
The symbol i refers to isomorphous replacement whereas the numerical values for m refer to different cases for anomalous dispersion.
The various symbolic entries are defined in the text. Case i may refer to a number of isomorphous derivatives, i, i,,... and cases
m = |-7 may refer to data collected at a variety of wavelengths. The asterisk implies the complex conjugate.

Case
m mFin mF2.n mF3n Spaj j
i Fypu Fup Fan 0 SFin
1 FAph FT,.'. F:Ph_F::ﬁ {_:;i ::: i}:t fi,j
2 Fon+ Flg 2F; FintFi% {3 "'; § ’: fi
3 Fan Fy Fin 85, i
4 Fyn Fypn Fin=Fin Sxiny Sa
5 Fynt Fan 2Fy, FintFan 5:{:”' f::\;;
6 Fik Fis Fin—Fik Sain NN
7 Fant Fii 2Fy Fint Fik Bxinai Sany

where f}}, is the normal atomic scattering factor and Table 2. Expressions for ,%;, and |, %,| when there

f; and fj are the real and imaginary parts of the is only one type of anomalous scatterer

anomalous correction, respectively. The entri i imate validity when there i

. P € entries maintain approximate validity when ere 1S one
The general .deﬁmtlon for ,’"g;“” based on the predominant type of anomalous scatterer.

results of previous mathematical analyses (Karle,

1983, 1984b, ¢), is Case,
? i ), m m‘q},h Imgz_hl
Fon='Y, Ul ) %P (Bp)Fip  (5) | rin i
m7 3h P majlJjh p mAj L jhy 1 2i(f12/f2m)Fon 2032/ f ) F ol
. _ 2 2fro/ F3wFin 2Saal SEWIFE
wheref,,',IM- ?lnd 8maj are given in Table 1 f:or the various 3 (f%2/f20) exp (iBy2) Fin 2ol Fi ol
cases, Jfin is the normal atomic scattering factor for 4 2/ fow) exp (18375, Fon el fanlFol
the jth type of anomalous scatterer in a substance 5 T/ o) exp (iBTit2) Foy Sl o Fol
containing g types of anomalous scatterers (the sub- 6 25 o) exp (85m.2) Fi Sl I Fl
script 1 is reserved for atoms that essentially do not 7 25 o) exp (i85 ) Fln Lo FLl
scatter anomalously) and the Fj, are the normal o T e
structure factors for each type of anomalously scatter-
ing atom. Additional definitions required for the use
of Table 1 are where ¢ is the phase angle associated with the magni-
£oi= Qz,,j + ;:j)x/z 6) tude, |%|. With the assumption that
(o7 (o7
8y, =tan"" (f ;/fs,) (7) | mF 2.0l = | mF3 (17)
- - )2 ) 2172 (16) becomes to good approximation, with neglect of
= - D)4+ L= X 8 . > N
Sai =l "'l’ S+ (fa= )] (8) |»Fs 4l and expansion of the square root to the linear
Samyi=tan" [(fa,;—Fu )/ (Fay—Fa)] (9) term in the cosine,
+,+ 2 291/2
:Mzi - [( K|i+ ,1,‘2]) + (fll\lj-l-f’)\zj) ] (10) |m‘o}1,h| - |mgz,h| = lmgS,hl cos (ml/’Z,h_ mw3,h)- (18)
+,+ -1 " /s
8xix,=tan xR (a4 )] (I1) " Examination of Tables | and 2 shows that condition
=L )+ (Fay— )12 (12) (17) can be well satisfied by large numbers of intensity
. s o ’ . data from macromolecules.
Sxna =tan” [(f3,;+15)/ (fiifa))] (13) We proceed with the case of one type of pre-
Fon = = Fu )+ (fa+ o )12 (14) ;igrrlenant anomalous scatterer. Thus, from (5) for
Suty=tan” [(f{ ;= f )/ (st i) (18 7 7
e Y ¥ Y ¥ mll’s,h = ‘Pg_h+ Smr2s (19)
From (1), it follows that where @3, is the phase angle associated with the
ructure factor i
Tl = | Fr bl + |2 structure factor for the normal part of the scattering

from the anomalously scattering atoms and §,,,, is
+2|nFonl | mFsnl €08 (mPan— m¥3p), (16) listed in Table 1 for the various m.
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We now rewrite (18) with the use of (19),‘
|mF 1l = | mFonl = |mF 3 nl[cOS (mthon— ¢;,h) COS B2
+sin (o n— @2p) SiN 8,2l (20)
A comparable equation can be written for h,
|l = | m Pl =

—sin (_m(//2,5+¢’;,5) sin 8,,2).

| %3 5llcOS (—mi2 it @25 COS Bma2
(21)

The angles ,,,, and — .., s are now replaced in (20)
and (21) with the average angle defined by

O‘S(mll’z,h - mllfz,ﬁ) = mll;z,h
and noting that

(22)
_(Djh (23)

it is possible to solve (20) and (21) as simultaneous
equations to obtain

(P]h

cos ( ‘/; __ an )= Im@l,hl - !m*oi2,h|+!mgl,i| —|mg:2,ﬁ|
b = (lmgB,hl-*' (mg‘:z,ﬁl) €OS Sz
(24)
. - n |mgl,h‘_‘mg2,hl_|mgl,ﬁl+img2,ﬁl
sin (mty2n— ‘Pz,h) =

(lmg: 3,h‘ + |mg3,ﬁ|) Sin dma2
(25

It is apparent that the values of mWan— @5n and of
|mFspl +|mFs il can be obtained from (24) and 25)
since the numerators are composed of measured
quantities. When there is one type of predominant
anomalous scatterer, |,Fipl=|.F:5 and Table 2
shows that such quantities can be expressed in terms
of | F5 | and tabulated values of the real and imaginary
corrections to the normal atomic scattering factors.
Note also that 8,,,, is known in terms of the latter
tabulated quantities.

The results of applying (24) and (25) are used to
form the sines and cosines of numerous phase
invariants. This leads to the evaluation of triplet phase
invariants of the form z/;z,.,+,,,</;2 xt mio +ky) from
the measured intensities of scattering. We set

Oy= mll;z,h -

and similarly for k and h-+ k. The subscript 2 in i,
is associated with ,,%,, whereas the 2 in @3, refers
to the predominant type of anomalously scattering
atoms. To form the triplet phase invariants, we
observe that

cos (2p,+ 2+ Q51i)

= Cos {2, cos {2, cos 5.k

‘P;,h (26)

—cos {2y, sin 2, sin 24,
—sin £2,, cos {2, sin 25§

—sin {2y, sin £2, cos 2y, (27)
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and
sin (2,+ Q2+ Q515)
=sin £, cos £y cos X,k
—sin {2, sin £2, sin 25,
+cos £, sin £2, cos gk
+cos {2, cos £2, sin 25, i. (28)

The information required for the right sides of (27)
and (28) is obtainable from (24) and (25).

It is seen from (26) that the triplet £, + 2, + Q5.x
of (27) and (28) is actually the difference between
two triplet phase invariants, one for the entire struc-
ture and one for the heavy-atom structure,

'Qh+ O+ Q5= mJ;Z,h + md;2,k+ mJ;2,(l_|+l-()
—(pinterixt e2ak)). (29)

For the simple structures formed from heavy-atom
substituents, the triplet phase invariants associated
with the larger magnitudes of products of normal
structure factors, | F3 4 F3 « F3 t+k)l, for the heavy-atom
structure can be expected to be close to zero to very
good approximation. Thus, the sum composed of the
terms @3+ @3 k+(p2(.,+k) could be eliminated from
(29), leaving m¢2h+m¢2k+¢2 (i+k)- Larger magni-
tudes for the products of normal structure factors for
the heavy-atom structure are ensured by basing the
selection of h, k and h+k on the larger differences,
|1l — I,,,.%,,,H It is seen from Table 2 that values
for the | F3,| can be obtained from the |,,%; |, which
in turn can be evaluated by use of (24) and (25).
Given sufficient accuracy, such calculations can be
used to evaluate |F3,F3.F3 k), obviating the
necessity to use the largest magnitude differences
| mZ1 6l = |mF2ull. The distribution of values for the
cosines of triplet phase invariants for some simple
structures has been investigated (Karle, 1984d).

On the basis of the above discussion, it follows that
by taking the ratio of (28) to (27) an evaluation of
mPant m¥2u+ m2 s+ May be obtained, namely,

mll’z,n + m‘l’z,k + md’z,(r‘-ﬂ?)

— tan"! [right side of (28)]
right side of (27)]°

The signs of the numerator and the denominator
uniquely determine the sum of the phases, ¥, in (30)
in the interval —7 < ¥ < 7. The quantities |, % |+
|mFs5l concerned with the heavy-atom structure are
eliminated in taking the ratio (30). An alternative
procedure to the one presented by (30) to evaluate
the triplet phase invariants would be to use (24) and
(25) to obtain the values for individual phase differen-
ces and add up appropriate values to obtain values

(30)

for the right side of (29). As before, in those instances

when the triplet phase invariants for the structure of
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the anomalously scattering atoms are estimated to be
close to zero, the desired result is obtained.
Formulas for b, ,— ¢5n

It is possible to obtain formulas for 4, , — @5, that
are comparable to (24) and (25). This is accomplished
by rewriting (1) as

ng‘h=m9:l.h_m973.h' (31)

From (31), it follows that
Img;2,h|2= lmg:l,hlz'*'lm-?s,hl2

~2{mF 1 pl [mFs.0l €O (i1 = mb3n)- (32)
With the assumption that
[mZ 10l > [ F 3, (33)

(32) becomes to good approximation, with neglect of
|mFs.ul° and expansion of the square root to the linear
term in the cosine,

Imgl,hl = lmg;z,h| + Im'o};S,hI Ccos (m‘lfl.h_ m(tl’3.h)' (34)

Clearly, (34) is the same as (18) except that 4,
replaces i/, ». This means that, to this approximation,
we can use the same mathematics to make evaluations
for triplet phase invariants that involve various min
as is used for the ,,,c,l/“, At this approximation, they
are interchangeable.

Combining of cases, m, having values on cardinal points

There are several cases, m, for which either cos §
or sin & is equal to zero. Under such, circumstances,
it is not possible to use both (24) and (25) to obtain
values for the triplet phase invariants in the manner
so far described. Cases i, | and 2 (Table 1) are
examples, the first and third being associated with
sin & =0 and the second with cos 8 = 0. It is suggested
that these cases may be usefully combined. In the
following, cases i and 1 will be so treated. The combi-
nation of cases | and 2 may be treated similarly.

Case i receives a contribution from (24) and case
1 from (25). In order to use these equations in the
previously described manner, it is necessary to
express |,Fsnl, m=i and 1, in terms of {F3,|. This
can be obtained from Table 2 and the particular
expressions for i and 1, respectively, when one pre-
dominant type of anomalous scatterer is present, are

cos (Won— " )z‘igl,hl_IigZ,hl+ligl,E|_lig2,ﬁ|
Wan™ @2 2¢0s 8,5 F1l
(35)
and
.o " L F il = [ Foml =1 Fral + | Pl
sin (ldfz,h_ ©on) =

4 sin 61A2(f;:2/f—;,h)lF;,hl ’
(36)

EVALUATION OF TRIPLET PHASE INVARIANTS

where, by (22),

i‘l;Z,h = i(l’z,h (37)

and
1&2,:.:0'5(14’2@"1'1/2,5)‘ (38)

According to_the previous section, the replacement
of w,p and ¢, by W, and ¢, , respectively, may
be made in (35)-(38). In order to test the accuracy
of triplet phase invariants obtained from combining
(35) and (36), comparisons of calculated values are
made with known values of

%( i'«pZ,h+ l¢72.h)(i‘/72.k+ |(/72,k)(i‘/72,(|‘1+i)+ 1‘172_(E+R))~ (39)

The symbol U is employed to refer to the combination
of cases, m=iand m=1.

Correction for systematic error

In cases, m=2, 3, 5 and 7, the quantity |F}| is
required. It may be computed from the measured
intensities by means of (Karle, 1984a)

|Fal=0-5 WA,,h(|FA,.h|+ |FA,,E|), (40)

where A, represents any particular wavelength, and

N 1/2
3 3
LS z"" [+ P+

(41)

It has been found that use of (40) can introduce a
systematic error into the values obtained for the triplet
phase invariants. This is especially true for the triplet
phase invariants symbolized by 333, 555 and 777,
types in which functions (24) and (25), having the
same value of m, contribute to the evaluation of the
invariants. Correction of the systematic error can be
effected by making use of the General Rule (Karle,
1984d). The correction is quite simple, involving a
uniform adjustment of the values of the computed
triplet phase invariants so that the average of their
values agrees with those predicted by the General
Rule. To adjust the averages, it is necessary to treat
those triplet phase invariants associated with positive
products of magnitude differences (Karle, 1984d)
separately from those associated with negative prod-
ucts. The value to which the average for the estima-
tions associated with positive products must be
adjusted differs by # from that for the estimations
associated with the negative products.

Test calculations

Test calculations were performed on exact data com-
puted from the coordinates for cytochrome
¢550.PtCl13™ from Paracoccus denitrificans (Timkovich
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Table 3. Calculations based on cytochrome c550.PtCl15~
at 2:5 A resolution illustrating the closeness of values
between several angles

Average differences are shown between the average angles ,,,451‘,,
and the angles associated with the structure factor in the absence
of anomalous dispersion, ¢, and the average angles ., .. Average
differences are also shown between .4, ,, and — .4, ;. The sequence
of the 2900 contributors to the averages was determined by ordering
the |, %, | = | F2ull with the largest first. Averages denoted by
the letter a concern the first 100 in the sequence, by b the last 100
in the sequence and by c all 2900.

Case, Sequence of (| n= @Rl (mdin— mb2nl) Umdrnt mdi il
m | nFin— mFan (rad) (rad) rad
1 a 0-047 0-026 0-067

b 0-011 0-020 0-079
c 0-024 0-022 0-070
2 a 0-021 0-021 0-000
b 0-025 0-024 0-000
c 0-024 0-024 0-000
3 a 0-044 0-044 0-113
b 0-021 0-021 0-060
c 0-024 0-024 0-070
4 a 0-034 0-018 0-099
b 0-025 0-017 0-050
c 0-023 0-015 0-070
5 a 0-031 0-031 0-096
b 0-010 0-010 0-067
< 0-017 0-017 0-075
6 a 0-049 0-032 0-079
b 0-008 0-006 0-076
c 0-024 0-015 0-070
7 a 0-036 0036 0-008
b 0-006 0-006 0-015
¢ 0-017 0-017 0-015

& Dickerson, 1976). The structure factors were com-
puted in two ways. One calculation introduced
anomalous effects from the Pt atom alone and the
second included anomalous effects from the Pt, Fe,
S and Cl atoms. The first calculation evidently models
the case when, strictly speaking, there would be only
one type of anomalous scatterer. Its purpose is to
provide a basis of comparison for determining the
effect on the error of including all four types of
anomalous scatterers in the data while treating the
data as if the Pt atoms were the one predominant
type of anomalous scatterer.

The calculations presented in Table 3 involve only
the data that contain anomalous effects from Pt, Fe,
S and CI atoms. Column 3 indicates that there is a
very small difference between the average angles

=¥ and ¢f, the angle associated with the structure.

factor Fy, which is the structure factor that would be
obtained if all atoms scattered non-anomalously.
Column 4 indicates that there is a very small differ-
ence between the average angles ,4,, and m¥2he
Column 5 shows that the differences between ..y, ,
and —,.4, ; are also rather modest. The calculations
did not include data for which |F,,| and |F,3| < 100,
thus eliminating the smallest magnitudes. This was
also done in the calculations included in Tables 4-6.

Test calculations that involved use of (24), (25),
(35), (36) and, ultimately, (30) are illustrated in
Tables 4, 5 and 6. The invariants are composed of
average angles as given in (22) or (39) and no distinc-
tion is made between 4,5 and ¢, ,. The symbols
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Table 4. Average magnitude of error for a variety of
triplet phase invariants from isomorphous replacement
and anomalous dispersion data based on cytachrome
¢550.PtCI3™ at 2-5 A resolution computed by use of
(24), (25), (35), (36) and ultimately (30)

The invariants are composed of average angles as given in (22)
or as averages of average angles as appear in (39). The symbols
of the calculations are composed from the cases m that contribute
to the calculation. (U represents a combination of m =i and 1).
The selection was based on the largest ||.F 4l —|.F,ull, as
described in the text. In the case of U, selection was based on
m =i rather than m = 1. Errors were based on known values for
the triplet phase invariants composed of the average phases. When
two wavelengths were required, Cu Ka and Mo Ka were used.
Otherwise only Cu Ka was used. The values of | F}/| employed in
types 3 and 5 were computed from (40) with use of Mo Ke data.
For the calculations marked by an asterisk in the last column, the
data involved Pt, Fe, Cl and S as anomalous scatterers but the
data were treated as if Pt were the only anomalous scatterer. In
the remaining calculations, the data inolved Pt as the only
anomalous scatterer. Further calculations relevant to these results
appear in Tables 5 and 6.

Average

Number of Symbol of error

Row invariants calculation (rad)
1 991 1919/ 5} 0-12

2 787 uvuvu 0-32*
3 1168 uus3 0-19
4 1190 uu4 0-10
5 1193 Uus 0-21
6 1227 uue 0-09
7 1039 U33 0-33
8 1225 U44 0-10
9 960 Uss 0-31
10 1078 Ué66 0-07
11 2260 U46 0-08

12 929 Ud6 0-44*
13 1973 Us3s 0-31

14 01258 U3s 0-41*
15 1904 345 0-34

16 794 345 0-36*
17 1535 356 0-31

18 1210 356 0-39*
19 1469 333 0-46

20 1107 333 0-54*
21 2167 444 0-10
22 1373 555 0-43

23 1169 555 0-52*
24 1416 666 0-05

of the calculations are composed from the cases m
that contribute to the calculations (U represents a
combination of m=i and 1).

The selection of the reflections for the test calcula-
tions was based on the appropriate largest magnitude
differences ||n% pl —|mF2n] in a manner entirely
analogous to that for the application of the General
Rule (Karle, 1984d). The reflections were chosen
from a list of the 400 top magnitude differences for
each case when there were either two or three different
values of m in the symbolic representation of a calcu-
lation. When there was only one value of m in the
symbol, the choice of reflections was based on the
800 top magnitude differences appropriate to the
calculation. The average error listed is the average of
the magnitudes of the differences between the known
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Table 5. Calculations in which the |Fy| have exact
values instead of values computed from (40) with the
use of Mo Ka data

Comparison with Table 4 shows that there is considerable reduc-
tion of the average magnitude of error.

Average

Row in Number of Symbol of error
Table 4 invariants calculation (rad)
3 1305 Uu3 0-10

S 1224 Uuus 0-11

9 1135 USss 0-10

15 2088 345 0-07

17 1792 356 0-06

19 1753 333 0-10

22 1508 555 0-10

values for the triplet phase invariants formed from
the ¢ and those computed by the methods described
in this paper.

In Table 4, the asterisk denotes those calculations
in which the data contain anomalous scattering con-
tributions from the Pt, Fe, S and Cl atoms. The ones
without the asterisk concern calculations in which the
data contain anomalous scattering contributions only
from the Pt atoms. The smallest errors are incurred
when the data are based on a single type of anomalous
scatterer and the calculation does not involve the
evaluation of the | Fy;| by use of (40). The largest errors
are incurred for calculations involving m =3 or 5,
which require the use of (40), and for those that used
data that contain anomalous scattering contributions
from the Fe, S and Cl atoms as well as from the Pt
atom. Table 5 shows the reduction in average magni-
tude of error that would accrue if it were possible to
obtain the | Fy| more accurately than from use of (40)
with Mo K« radiation. In two tests, use of Ag Ka
gave only very modest improvements, 1 and 5°. Table
6 shows some rather significant improvements in the
average magnitude of error from use of the correction
for systematic error. The average errors listed in the
final column of Table 6 may be compared with those
of the corresponding rows of Table 4, ie 19, 20, 22
and 23, respectively. It is seen that improvements
ranging from 0-12 to 0-28 rad are obtained.

EVALUATION OF TRIPLET PHASE INVARIANTS

Concluding remarks

It is apparent from Table 4 that many more data
could have been included in the calculations than
were actually used and from the existence of
numerous additional types of calculations that the
evaluation of a very large number of invariants is
potentially possible. In context, these calculations
bear close similarities to those described in terms of
a General Rule (Karle, 1984d) that is based on some
mathematical and physical properties of isomorphous
replacement and anomalous dispersion data. The
General Rule applies when there is one predominant
type of anomalous scatterer. The same is also true
for the algebraic analysis presented here. Com-
parisons between the results of the calculations pre-
sented here and those based on the General Rule
show an improvement of accuracy with use of the
algebra. In the paper concerning the General Rule,
test calculations were made only on data containing
contributions from the anomalous scattering of P,
Fe, S and Cl atoms. When the General Rule is applied
to data containing contributions from the anomalous
scattering of Pt alone, a decrease in error has been
observed, but it still remains higher than that obtained
from the corresponding algebraic equations in this
paper.

In the tests presented in Tables 4, 5 and 6, it is
seen that the average of the magnitudes of error range
from only a very few degrees to about 25° (after
application of the corrections in Table 6). This is the
error introduced by use of the mathematics. Addi-
tional errors that derive from experimental uncer-
tainties will determine the extent to which these calcu-
lations can be applicable to practical procedures for
phase determination. This is a matter for much future
study.

An exact algebraic analysis of multiwavelength
anomalous dispersion experiments has been pub-
lished (Karle, 1980). In order to obtain information
concerning individual phase values in the latter analy-
sis it would be necessary to know the structure of at
least one type of anomalously scattering atoms. The
exact algebraic analysis is applicable to any number

Table 6. Application of correction for systematic error in the calculation of | Fy| from (40) with the use of Mo Ka
data

Comparison with Table 4 shows a reduction of the average magnitude of error.

After
Symbol  Anomalously Number of Average Correction
of cal- scattering  invariants error  for systematic
culation atoms (+product)  (rad) error
333 Pt 423 0-44 0-31
Pt, Fe . .
333 { s, Cl } 402 0-48 0-39
555 Pt 560 0-42 0-29
Pt, Fe . .
555 { s. Cl } 493 0-48 0-45

After
Number of Average  correction Overall
invariants crror  for systematic Total corrected
(—product) (rad) error invariants  error (rad)
1046 0-47 012 1469 0-18
705 0-58 0-30 1107 0-34
813 0-43 0-32 1373 0-31
676 0-55 0-35 1169 0-39
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and type of anomalously scattering atoms and can
readily incorporate information from isomorphous
replacement. If a heavy-atom structure is not known,
it is still possible to evaluate triplet phase invarants
(Karle, 1984¢) from the exact algebraic analysis.
The algebraic analysis presented here involves
somewhat different quantities. In its range of applica-
bility, individual phase information would also be
derivable from the present analysis if the heavy-atom
structure were known since, then, ¢3, in (24) and
(25) would be known. The two kinds of algebraic
analyses are expected to yield closely equivalent
results in their areas of common applicability.

In order to apply the results of this paper, which
concern one predominant type of anomalous scat-
terer, itis only necessary to know the chemical identity
of this type of anomalous scatterer.
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Abstract

Hypothetical variances are checked and improved
and observations are tested for normal and indepen-
dent distribution by means of x? distributions. For
the conversion of o2 into 0% and of I into F the
quantity X(I)=sign (I)|I|"? instead of F=pI'?
(p = Lorentz correction etc.) is considered. With the
probability density function f(I) for I the variance
of Fis

03:;,,2{ ifo XA(D)f(I) dI—[ ifo X(Df(I) dl] }

This formula is also valid if the observed intensity is
zero or negative. Unexpectedly, the approximate
o'e=po;/(21'?) are in most cases smaller than the
correct ones. The simple formula F = pI'/? yields F
that in the mean are too low. The correction formula
valid for all ratios I/ 0y is Feor=p(21'/*— A), where
I is the observed intensity and A the second integral
in the above formula for o%. Since the expressions
o% and F,,,, are known, there is no other reason to
discard weak intensities than the fact that this saves
computing time. Examples are given and the normal
probability plot is applied.

0108-7673/85/020189-07801.50

Introduction

Hypothetical variances o7 of integrated intensities I
of the rotating-crystal method can be obtained by
means of Poisson’s formula:

(N
(2

IT is the sum of all X-ray quanta recorded by the
counter during the rotation of the crystal through the
reflecting orientation. BL and BH are the low- and
high-angle background counts and « is the ratio of
the times that were spent for the measurements of IT
and of (BL+ BH). It is not essential that I and ¢
are obtained by as simple formulae as (1) and (2);
the arguments given in the following apply also if
more sophisticated measuring procedures and for-
mulae for the determination of I and ¢? are used
as, for example, proposed by Shoemaker (1968),
Blessing, Coppens & Becker (1974) or Lehmann
(1975).

The necessity and procedures to correct pure
Poisson variances have been discussed by many
authors, e.g. Jeffery (1964), Jeffery & Rose (1964),

I=IT-a(BL+BH)

o3=IT+a*(BL+ BH).
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